It is pointed out that the simultaneous inclusion of the reaction field in addition to the direct field of the bath is essentially important to describe the dynamics of the two-state system coupled to a bosonic bath. This is formulated in the framework of the quantum Langevin equation where the direct field of the bath is treated as the quantum mechanical random force. We study in detail the quantum-mechanical and statistical-mechanical notions of the reaction field as well as the direct field in the Ohm-Drude case of the spectral intensity of the bath. It is shown that the non-interacting blip approximation of Leggett et a!. is equivalent to the approximation of the complete neglect of the reaction field. We propose a fundamental equation of the quantum Langevin dynamics, accompanied by a brief discussion about the feature of the equation. § 1. Introduction
We want to study the dynamics of a two-state pseudo-spin system coupled to a bosonic bath. Our system is assumed to be described by the spin-boson Hamiltonian:
H =Hs+ H B+ HS-B,
(1)
H B= ~nCVj( b+ b j + .~ ) ,
1 HS-B=2 n6zu (4) u=~i(b/+bJ, (5) where 6x , 6y and 6z are the Pauli matrices, j denotes the quantum number(s) of the boson, and HS-B stands for the interaction between the system Hs and the bath H B. Recently a great interest has been taken in the influence of the dissipation upon the quantum coherence displayed by the system Hs in connection with the macroscopic quantum phenomena. The latest achievement of the study has been published in a review article by Leggett et al. 6 ) The central point of this review is their proposal of the non-interacting blip approximation or, equivalently, the dilute bounce gas approximation 7 ) for analyzing the influence functional in the real-time path integral formulation. 8 ) Physically this approximation implies the complete neglect of the reaction of the bath to· the two-state system, as shown later. 9 ) understand physically whether the influence of the reaction can be ignored in the dynamics or not.
In doing so we employ the method of the Langevin equation
10H2
) and extend it to the quantal case. 13 ), 14) The idea was suggested by Ford et al. ll ) on the statistical mechanical theory of Brownian particle, and realized by Zwanzig 10 ) for classical nonlinear systems. Brief extensions of those works to the quantal case were reported by Benguria and Kac 13 ) and by Haken.
14 )
The Langevin equation for the quantal case, the quantum Langevin equation, is an operator equation, so that there appear additional problems about the commutation relation and the ordering of operators, which do not exist in the classical case. We can learn much about them from the quantum electrodynamics 15H8 ) and the quantum radiation theory, 19) , 20) where the bath is composed of the photon gas. We realize that not only the direct field of the bath, which will be defined later, but also the reaction field must be retained for the fundamental purpose of preserving the commutation relation,l7) and that the ordering problem is resolved by the use of the correct commutation relation, so that both the problems are merely two sides of the same quantum-mechanical coin/ 5 ) though those studies were done in the second-order perturbation with respect to the system-bath interaction. It is very important to recognize the fact that the reaction field must be retained for preserving the commutation relation. This fact obliges us to re-examine the role played by the reaction field in the quantum Langevin equation of the present system (1) again.
Let us explain our strategy to attack our problem. In order to treat the systembath interaction nonperturbatively we first do the unitary transformation that
H==-UHU-
1 =HB+ Hs,
HB==-U(HB+ HS_B)U-
where the unitary operator U is defined by
Here bj and bj + stand for the annihilation and creation operators of the displaced boson, and (J± = (Jx ± i(Jy. We omit the tildes on the transformed operators. Note that (Jz is invariant under the transformation U. From the Heisenberg equations of motion for bit) and bj +(t) we find that
with substitution of the equation of motion for 6it) which is given by (27) in § 3 later. The bath acts upon the dynamics of the pseudo-spin (J(t) through the operator v(t) only. As easily seen from (12) and (13), g(t) describes the free fluctuations of the bath, and VR(t) describes the polarization of the bath which is induced by the system. 1O ),20) We call g( t) the direct field ofthe bath, and VR( t) the reaction field of the bath as the polarization of the bath reacts back· upon the system. The basic idea of the Langevin dynamics is to construct a closed set of equations for the variables of the system by the use of (11) . Then the direct field is considered as the random field from the bath. As already mentioned, the set of equations must be accompanied by the commutation relations which are given by
[g(t), g(t')]=2i~( ftl~J2sinmj(t -t') .
The first commutation relations come from the fact that (J(t) commutate the full operator v(t). The non-commutability of (J(t) with g(t) is owing to that (J(t) are evolved by the whole Hamiltonian while g(t) is done by HB. Thus we complete the quantum Langevin equation in the operator form. The dynamics which is based on this is called the quantum Langevin dynamics (QLD).
Let us now specify the spectral property of the bath. As the bath is assumed to be an ensemble of ideal bosons, and as the system-bath interaction HS-B depends on the bath variable linearly, it is sufficient to know the following quantity:6) (16) in the continuum limit of the quantum number j. The reader can find the detailed discussion on the spectral function J(m) in Refs. 2) and 6) (see Ref. 11 ) also). Here we restrict ourselves to the Ohm-Drude case,2),6),l1)
where me is the cutoff frequency and a, which is the same quantity as that used in Ref. 6) , has the meaning of the dimensionless dissipation coefficient. We assume that me is sufficiently larger than any other frequency scale of the system. Then the bath which is composed of the coupled harmonic oscillators can describe the approach to the canonical equilibrium of the system as the Gaussian-Markoffian process in the classical case/I) if the system-bath interaction is linear in the bath variable and if the bath is in the canonical equilibrium. In addition, there appears another interesting but difficult aspect in the quantal case that the infrared bosons contribute to the dynamics of the system critically depending on the magnitude of a. 6 ) Those are the reasons why we are interested in the Ohm-Drude case.
Let us specify the initial condition. We take this initial condition in order to avoid computational complications on the thermal averaging. This article is organized as follows. In § 2 the explicit expression of the reaction field is given in the limiting case of extremely large We (we call this limit the white noise limit hereafter). Then we write down the commutation relation (14) explicitly. In § 3 we derive the quantum Langevin equation (QLE) for IJz(t) in the first-order differential form, which we call QLE of the first type. It is shown that eU(t) works as the random force and provides the Gaussian process in the Ohm-Drude case. In § 4 we study the solution of the QLE in the decoupling approximation.
)
It is shown that the dynamics is reduced to that in the non-interacting blip approximation,6).7) if we further introduce the replacement K(t)~ 7[/2 for any value of positive t, where K(t) is defined by (19) later. This means that the influence of the reaction field disappears in the present case, as sh~wn in § 4. Expecting to get the deeper understanding of the quantum nature of the present problem we derive the QLE in an alternative form, that is, in the second-order differential form in § 5. We call it the QLE of the second type. The ordering of operators turns out to be very important on manipulating this equation, though the complete solution does not depend on a particular choice of the ordering. A trial is done there, suggesting for the quantum coherence to be preserved at zero temperature and with extremely weak damping at finite temperatures. This may be understood just as the result from the quantum nature of the problem. The concluding remark is presented in § 6. A part of this work has been reported in Ref. 21) , and a few related arguments on the basis of the starting Hamiltonian (1) have been presented in Ref.
22) also. § 2. The reaction field
The reaction field VR(t), which has been defined by (13) , is written as
where 1J3= IJz(O), and
The reaction field is zero at t=O, VR(O)=O, naturally.
In the white noise limit we can write VR(t) as 
We can consider (21) and (22) as the limiting expressions of the reaction field in the white noise limit. Now the commutation relation (14) for (J(t) is written as
So operators e±V(t) are simplified as
(25)
'where C(t)=cos2aK(t) and S(t)=sin2aK(t). As [Ga, g(t)]=O, we can further simplify e±U(t) like (26), if necessary. But, then, we should not forget that [Gz(t), Ga]=l=O. § 3. Quantum Langevin dynamics ( I )
The exact Heisenberg equations of motion for Gz(t) and G±(t) are obtained from
Ii as if z(t) = zL1{ eV(t) G+(t) -e-V(t) G-(t)} , if±(t)= ±2iLle+ V (t)Gz(t).
In the white noise limit they are read as
with
E(t)=exp[2iaK(t»). We .have used (26a). Integrating (30) with the initial condition that G±(O)=G±, and substituting them into (29), we obtain if zCt) = iLl{eU(t) G+ -e-U(t) G-} '-(2Ll)2E(t) ltdt'[S+Ct, t'){C(t, t')C(t')GzCt')-S(t, t')S(t')Ga} -is-(t, t'){sCt, t')CCt')GaGz(t') + cCt, t')S(t')}] ,
where
C(t, t')=cos2a[K(t)-K(n] and Set, t')=sin2a[K(t)-K(n)
. This is a closed operator equation for G z, in which the direct field g is included as an external field conditioned by the commutation relation (15) which is read as
[get), g(t')] = 4 iaK(t -t') .
We call (31) the QLE of the first type (we derive the second type in § 5).
(33)
Comments are in order. (a) The influence of the reaction field upon the dynamics appears in that C(t), E(t) and C(t, t') are not equal to one in addition to that set) and S(t, t') are not equal to zero in (31). (b) We have chosen such a particular ordering of operators that explicit 6 z and 6± always appear on the right side of e±g. One can choose other orderings such as the inverted ordering, the symmetrized ordering and so on, if one wants to do so.
Let us show the statistical property of the direct field. After taking the thermal average with respect to the displaced bosons, we find =0,
due to the contribution from the infrared bosons, as we are considering the OhmDrude case. Further we find
where (36) which is approximated by
for /31iwc~1.6) From (34) and (35) we see that e±g(t) provides the Gaussian process in the Ohm-Drude case, as the thermal average of a product of arbitrary numbers of e±g(t) with different times is expressed by those two functions K and L completely. Our main interest is in studying the time-variation of the direction of the quantization axis along6z(t) from that at the initial time. So we reduce (31) to the equation for 611(t)=< t 16it)1 t >:
O"11(t)= _(2L1)2E(t) ltdt'[{E+(t, t')C(t, t')-iE~(t, t')S(t, t')}C(t')611(t') -{E+(t, t')S(t, t')+ iE-(t, t')C(t, t')}S(t')]
, (38) which is still an operator equation with respect to the direct field. The thermal average (39) is the quantity which we want to obtain, as the probability of finding the spin in the up(down)-state at t is given by Pt(+)(t)={1±p(t)}/2 under our initial condition. § 4. A decoupling approximation
In order to grasp the contents of the complicated equation (38) and to see the meaning of the non-interacting blip approximation 6 ), 7) we take the thermal average of (38) and introduce a decoupling approximation like <Sit, t')(fll(t)B~<S±(t, t')BP(t).
Then (38) is rewritten as p(t)= _(2L1)2E(t) ltdt' E*(t-t')e-2aL (t-t f ) x{C(t, t')C(t')p(t')-S(t, t')S(t')},
we have used that <S+(t, t')B=E*(t-t')e-2aL (t-t f ) and <S-(t, t')B=O because of (35).
If we further introduce the replacement K(t)~ 7r/2 for t >0, (40) is reduced to (41) with C=COS7ra because C(t, t')==:,1, S(t, t')=O, and E(t)E*(t-t')=1. This is nothing but the result of Leggett , where the replacement ~orresponding to K(t)~ 7r/2 is performed). But the same result can be obtained even by complete ignoring of the reaction field under the decoupling approximation, as shown in Refs. 9) and 21). Thus it turns out that the interaction among the blips6) (the bounces 7 ») is nothing but the reaction field. So it is very natural that in the non-Interacting blip approximationp(t) decays oscillatorily or nonoscillatorily, depending on the magnitude of a, due to the disappearance of the feedback from the bath to the two-state system.
If we apply only the replacement K(t)~ 7r/2 to (38), removing the decoupling approximation, we. find the following expression in the integrated form: 
This is the same expression obtained by Leggett (43) is the same as those in the reaction-field-free case. Thus it turns out from (41) and (43) that, by applying the replacement K(t)~ 7(/2 to (29) and (30), the dynamical effect of the reaction field has been lost from the full dynamics, leaving only the static renormalization L12~ CL12. This means that (43) describes for pet) to decay, as already discussed in this section. But we can construct the QLE of the first type from the exact equations of motion (27) and (28), and then apply the white noise limit with K(t)~ 7(/2. The result is given by21)
E+(t, t')6zCt') + S2 6z(t)E+(t, t') -iCS[E-(t, t')-6z(t)E-(t, t')6z(t')]} , (46)
which is usually expected to be more accurate than (31) with K(t), K(t')~ 7(/2, because we have introduced the approximations at the later stage of manipulation. On applying the decoupling approximation to (46), pet) behaves differently from that described by (41), as shown in Ref. 21) , suggesting that the reaction field is important to describe the dynamic behaviour of pet). Before further studying (46) in detail we have to point out a few of the important points of the starting problem, which have been discussed briefly in Ref. 22) and is the topics of the next section. § 5. Quantum Langevin dynamics (II) So far we have not considered the possible appearance of the new time-scale by the interaction between the system and the bath explicitly. We want to point out that there exist three time-scales in our dynamics. 22 ) Two of them are evidently the intrinsic time-scales of the two-state system and the bath: 1/2L1 and l/(Oc. The new one is 1/2a(Oc which originates just from the quantum-mechanical nature of the present system. 22 ) For the purpose of showing the existence of such time-scale and its physical consequence it is suitable to formulate the dynamics in a different manner from that in § 3. By differentiating the exact equation of motion (27) we get
6z(t) + (2L1)2O'z(t) = -~ {u(t)W(t)+ W(t)u(t)} . (47)
The left-hand side manifests the intrinsic quantum coherence of the two-state system and the right-hand side describes the influence of the bath. The operator u(t) is defined by (5) in  § 1 and related to v(t) by u(t)==-iiJ(t) . The auxiliary field W(t), which is an hermite operator defined by is governed by the equation of motion
W(t)= u(t) CJz(t)-2iawe W(t) , = CJz(t)u(t) + 2iawe W(t) ,

= ~{u(t)CJz(t)+ CJz(t)u(t)}.
On deriving (47) and (49) we have used the equal-time commutation relation
It is interesting to notice that there appears W(t) in (47) which is nothing but the transformed iis in the dimension of frequency. Other equal-time commutation relations, which we should employ, are derived from (27) and (28) as
Let us consider the characteristic time of variations of collective operators u, v and W. The,commutation relation (50) indicates that the combination of u/4awe and v is the unique choice of a set of canonical conjugate operators because demensionless . operator v always appears as essentially nonlinear operators e±v while u does linearly in (47) and (49). This means that the characteristic time of v is of the order of aWe, since u=-iiJ. Thus it is natural to consider from (53) and (54) that u and W have the same characteristic time as v, because CJ z is a slow variable. Such consideration does not contradict the remainders of commutation relations (51), (52) and (55), provided that O'z and CJz commute the fast-varying part of W but do not commute one another, remaining W due to the particular commutation relation of spin ..
A question occurs to us which of three equivalent equations (49) is better to be used for the purpose of eliminating the fast variable W from (47). We employ the first two of (49) because then we can incorporate the time-scale information expliCitly. We get W(t) by
W(t)= W(O)e-2iawct + ltdt' e-2iawc (t-t')u(t') if z(t')
o '
6_}. We use (56a) for the first term and (56b) for the second term on the right-hand side of (47) so as not to mix the time-ordering of operators.
Now let us decompose u(t) into the direct field /(t) and the reaction field UR(t) by u(t)= /(t) + UR(t) , UR(t)= 2a it dt' r,p(t -t') if it) ';;;.2aK(t) ifz(t) .
(57) (58) (59)
The direct field /(t) provides the Gaussian process and its statistical property is described by
where n(ev)=[e PIIW -1]-1.
On substituting (57) into (47) and (56),
and using that ifz(t)W(t)+ W(t) ifz(t) =0 and [ifit»)2=(2L1)2, we find
6z(t) + (2L1)26z(t) + 2a ltdt' G(t -t')ifz(t')
= -~ ltdt'{R(t, t') ifit') + ifz(t')R(t', t)}-X(t).
(61)
The initial condition is that o"z(O) = 63 and ifz(O) = if3=iL1{e
(O)6_}. Here we have decomposed a product /(t)/(t') into the thermal average </(t)/(t'»B and the fluctuation /(t)/(t')-</(t)/(t'»B around it. The former produces a kernel function G defined by
G(t -t')= 4 1 a {e-2iaw c(t-t')</(t)/(t'»B+C.C.} = 1"" dev](ev)( n(ev)cos[ev-2aevc](t -t')
+ {I + n(ev)}cos[ev+2aevc](t -t' )) , (62) and the latter provides a multiplicative noise R defined by
RU, t')=e-2iaw c(t-t'){jU)/(t')-</(t)/U'»B}.
(63)
An additive noise X is given by
It is a remarkable feature of (61) that all of G, R and X are modulated by the characteristic frequency 2awc of W(t) through which (fit) interacts with the bath. This is surely the quantum effect which is inseparably related to the noncommutability of (50), (53) and (54). The same quantum effect has been seen in an alternative way on the basis of the starting Hamiltonian (1) Let us study the systematic motion of (fzU) by dropping R and X from (61). The characteristic of it is determined by (66) which is derived by making the Laplace transformation of the left-hand side of (61). Here G(z) is defined by
which clearly shows the modulation effect discussed above. Due to this effect G(z) at T=O is proportional to z in the leading-term approximation of smalllzl, which is quite different from the case of no modulation where G(z)~ constant. The finitetemperature correction consists of two parts. The one comes from the first term of (67) and is linear in z with a coefficient of the order of (kBT/2anwc)2. The other from the second term is independent of z and of the order of e-2aPhwc because the contribution comes from the range of w near 2awc. 
This means that the modes are purely oscillatory ones of frequencies ±2,J at T=O, and become oscillatory-damping ones with extremely small damping constant r at finite T as kBT<2nL14;..2anwc are assumed. The damping could not be realized before the time of the order of l/r which is proportional to e 2a {JlIlJJ c has passed. It is a very interesting problem to study how the random forces modify the quantum coherence of the systematic part of the motion, which will be reported in a forthcoming article. § 6. The concluding remark
The present study has started with two fundamental questions to the existing theory6),7) based on the real-time path integral method. They are about the roles played by the reaction field in the quantum-mechanical sense and in the statisticalmechanical sense. Being guided by those questions, we have obtained the following in the representation of the displaced boson.
(1) The reaction field is completely ignored in the non-interacting blip approximation.
This results in the disappearance of the feedback from the bath to the two-state system. So it necessarily follows that pet) decays in tim~.
(2) The collective variable wet) can be regarded as the sole field which mediates the interaction between ait) and the bath. It is a fast variable whose intrinsic frequency is 2awc just by the quantum-mechanical reason of the noncommutability. The most important role of W is the modulation of the influence of the direct field (the random field) of the bath.
(3) The systematic motion of ait) does not decay in time at T=O and decays with vanishingly small damping constant at T=foO due to the above modulation effect.
I
A few comments are in order. The reason why the existing theory6),7) can describe the dissipation in spite of ignoring the reaction field is that the direct field works as the multiplicative noise to the system because the variable of the present system is the spin variable. Further we want to discuss the third point from a different point of view. Let us notice that the operator e V is just the product of the generating operators of coherent bosons. 23 ), 24) Therefore every spin-flip process allowed by Hs is accompanied by the excitation of every-kind of the coherent bosons.
This indicates that the coherent spin-flip process is allowed under the conservation of energy between the system and the bath even for· the infrared bosons. The situation seems to be quite different in the system whose Hamiltonian is assumed to be (71) where Cj is a coupling constant. The commutation relation is [Q, P]=in. The potential V( Q) is not necessary to be specified by a particular shape now, though we take a great interest in the case of double-well potential.
)
In Therefore ~he interactions between the system and the bath are qualitatively the same in both the cases of the original boson and the displaced boson. This means that the interaction cannot excite the bosons coherently in striking contrast to the case of our two-state system. The sole reason leading to different lis, (8) and (72), is the difference of the commuta~ion relations. An explicit study along this point of view is another problem in a future article. In conclusion we want to propose the QLE's of the second type as well as of the first type as the fundamental equations of the dynamics of the quantum coherence in the present two-state system coupled to the bosonic bath.
